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Abstract 



We extend the recently constructed double field theory formulation of the low-energy 
theory of the closed bosonic string to the heterotic string. The action can be written 
in terms of a generalized metric that is a covariant tensor under 0(D,D + n), where 
n denotes the number of gauge vectors, and n additional coordinates are introduced 
together with a covariant constraint that locally removes these new coordinates. For the 
abelian subsector, the action takes the same structural form as for the bosonic string, 
but based on the enlarged generalized metric, thereby featuring a global 0(D,D + n) 
symmetry. After turning on non-abelian gauge couplings, this global symmetry is broken, 
but the action can still be written in a fully 0(D, D + n) covariant fashion, in analogy 
to similar constructions in gauged supergravities. 
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1 Introduction and Overview 



Recently, a 'double field theory' extension of the low-energy theory of closed bosonic strings has 
been found, in which the T-duality group 0{D, D) is realized as a global symmetry by virtue 
of doubling the coordinates [TH1] (see also [5TfTU] and [TT] for a review). More precisely, the 
conventional low-energy effective action for the metric gij , the Kalb-Ramond 2-form bij and the 
dilaton 6, 



S 



dxyfge 



-2d> 



1 

12' 



(1.1) 



where fljjfc = Sdubju, can be extended to an action written in terms of the 'generalized metric' 



H 1 



g ik b k j 



(1.2) 
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and an 0(D, D) invariant dilaton d denned by e~ 2d = yfge~ 2 ^ . Here, M,N,... = 1, . . . , 2D 
are fundamental 0(D, D) indices, and the fields have been grouped such that % MN transforms 
covariantly under this group. One can think of % as a (constrained) metric on the doubled 
space with coordinates X M = (xi,x i ), and all fields are assumed to depend on the doubled 
coordinates. The action then takes a manifestly 0(D,D) invariant form and reads 

S = I 'dxdxe- 2d (\u MN dMU KL d N U KL -\u MN d N U KL d L 'HMK 

J V8 2 (1.3) 

- 2d M dd N H MN + 4M MN d M dd N d * 

with derivatives &m = (d r ,di). This action is also invariant under gauge transformations 
parametrized by £ M = which take the form of 'generalized Lie derivatives' C^, 

S(H MN = C^n MN = i P dp% MN + (d M £ P - dp£ M ) U PN + (d N tp - d P C N ) u MP , 



6d = £ M d M d - \d M £, M 



(1.4) 



where indices are raised and lowered with the 0(D,D) invariant metric 

VMN = L, n ] ■ (1-5) 




We can think of the dilaton d as a generalized density. The gauge invariance and thus the 
consistency of the action (|1.3|) requires the following 0(D,D) covariant constraints 

d M d M A = r] MN d M d N A = 0, d M Ad M B = 0, (1.6) 

for arbitrary fields and parameters A, B. The first condition is the level-matching condition for 
the massless fields in closed string theory. The second condition is a stronger constraint that 
requires also all possible products to be annihilated by d M &m- This strong constraint implies 
that locally there is always an 0(D,D) transformation that rotates into a T-duality frame in 
which the fields depend only on half of the coordinates, e.g., being independent of the X{. 

If the tilde coordinates X{ are set to zero, the action (|1 .3j) reduces to the low-energy action 
(jl.ip . as required. Moreover, if these coordinates are set to zero in (jl.4jl . the gauge transfor- 
mations reduce to the familiar diffeomorphisms generated by and the Kalb-Ramond gauge 
transformations generated by £j. 

In this paper we are concerned with the extension of the above construction to the heterotic 
string [12] . In its low-energy limit, this theory is described by an effective two-derivative action 
whose bosonic terms extend (II. ip by n non-abelian gauge fields Ai a , a = 1, . . . , re, [13] . 



dxy/ge 



-2<f> 



R + 4(d^) z - —H^H ljk - -F^ a F ija 



[1.7) 



12 J 4 

where 

Fij a = d i A j a -d j A i a + g Q [A i ,A j ] a (1.8) 

is the non-abelian field strength of the gauge vectors, and the field strength of the 6-field gets 
modified by a Chern-Simons 3-form, 

H ijk = 3(d {i b jk] - ^AffdjAkf + IgolAj^^)) . (1.9) 
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Here go denotes the gauge coupling constant and n a /3 is the invariant Cartan-Killing form. With 
the gauge field transforming as 

5 A Ai a = ^A a + 50 [^,A] a , (1.10) 

the 6-field transforms under A Q as 

SAbij = l(diAj a - djAi") A a , (1.11) 

such that (|1.9p is invariant. At the level of the classical supergravity action, the gauge group is 
arbitrary, but in heterotic string theory it is either SO (32) or Eg x E&. 

In sec. 2 we show that for the abelian subsector the double field theory extension of the 
heterotic string is straightforward. To this end, the coordinates are further extended by n extra 
coordinates y a and, correspondingly, the generalized metric (jl.2p is enlarged to a (2D + n) x 
(2D + n) matrix that naturally incorporates the additional fields in precise analogy to 
the coset structure appearing in dimensional reductions. This suggests an enhancement of the 
global symmetry to 0(D,D + n). Indeed, if we formally keep the action (|1.3p and the form 
of the gauge transformations (|1.4p . but with respect to the enlarged H MN , we obtain precisely 
the (abelian subsector of the) required action (II. 7p and the correct gauge transformations in 
the limit that the new coordinates are set to zero. In this construction, the number n of new 
coordinates is not constrained, but the case relevant for heterotic string theory is n = 16, where 
the y a can be thought of as the coordinates of the internal torus corresponding to the Cartan 
subalgebra of 50(32) or E s X E%- 

In sec. 3 we turn to the non-abelian extension. In this case the group 0(D, D + n) is broken. 
More precisely, the reduction of the low-energy effective action (i.e., of heterotic supergravity) 
on a torus T D gives rise to a theory with a global 0(D, D + n) symmetry only in the abelian 
limit go — > [21] . Remarkably, however, we find that the action can be extended to incorporate 
the non-abelian gauge couplings in a way that formally preserves 0(D, D + n), where n equals 
the dimension of the full gauge group. We write the extended action in terms of a tensor f M nk, 
which encodes the structure constants of the gauge group, and the generalized metric % MN . 
The consistency of this construction requires a number of 0(D, D + n)-covariant constraints on 
f M nk- Apart from standard constraints like the Jacobi identities, there is one novel differential 
constraint in addition to (jl.6p . which reads 

f M NK d M = 0. (1.12) 

Moreover, the gauge variations parametrized by £ M get deformed by f M nk in that, say, a 
'vector' V M transforms as 

5^V M = Ct.V M - t K f M KLV L , (1.13) 

where denotes the generalized Lie derivative as in (]1.4p . Thus, the £ M gauge transformations 
represent a curious mix between diffeomorphism-like symmetries (which simultaneously treat 
each index as upper and lower index) and the adjoint rotations with respect to some Lie group. 
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The invariance of the action under these deformed gauge transformations then requires new 
couplings to be added to 111. 3p . whose Lagrangian reads (without the e~ 2d prefactor) 

c f = - \f M NK u NP u KQ d P u Q M 

(1.14) 

1 f M f N u ajKLnjPQ 1 f M f N njKL 1 f MNK f 
~ r^J KPJ LQrlMNri H ** - -J NKJ ML TV ~ -J JMNK ■ 

Despite the 0(D,D + n) covariant form of the action, any non-vanishing choice for the 
f M nk will actually break the symmetry to the subgroup that leaves this tensor invariant, 
because f M nk is not a dynamical field and therefore does not transform under the T-duality 
group. For instance, if we choose f M nk to be non-vanishing only for the components / a /j 7 
that are the structure constants of a semi-simple Lie group G, the remaining symmetry will be 
0(D, D) x G, where G is the rigid subgroup of the gauge group. In this case, the new couplings 
(|1.14p precisely constitute the non-abelian gauge couplings required by (jl.7p . while the gauge 
variations (11 . 13H evaluated for % MN reduce to the non-abelian Yang-Mills transformations. 

It should be stressed that the abelian and non-abelian cases are conceptually quite different. 
The abelian case is closely related to the original construction in [1|. Specifically, if we choose 
n = 16, the constraint (|1.6p can be interpreted as a stronger form of the level-matching condi- 
tion. Moreover, the winding coordinates X{ and the y a have a direct interpretation in the full 
string theory. In contrast, the non-abelian case requires the new constraint (I1.12p . which has no 
obvious interpretation in string theory, and formally we introduce as many new coordinates as 
the dimension of the gauge group, i.e., n = 496 for the case relevant to heterotic string theory. 
However, the number n is a free parameter at the level of the double field theory constructions 
discussed here, and therefore we will not introduce different notations for n in the two cases. 

We note that the constraint ()1.12p effectively removes the dependence on (some of) the extra 
coordinates. More precisely, a subtle interplay between the constraints 1)1. 6p and Ijl.l2j) and 
the unbroken part of the T-duality group guarantees locally independence on the 'unphysicaP 
coordinates, as we will discuss in sec. 4. It is amusing to note that this construction has a 
superficial similarity to attempts in the early literature on heterotic string theory that aimed at 
realizing this theory through some Kaluza-Klein type reduction from 496+10 dimensions [14015] . 
but the details, in particular the physical interpretation of the extra coordinates, appear to be 
different. (See also the more recent work [16] , which has some relevance for the abelian case 
discussed in sec. 2.) 

Interestingly, the results on the non-abelian case are analogous to constructions of gauged 
supergravities based on the so-called embedding tensor formalism (see [T7] for a review and 
references therein). In this formalism, the deformation of an ungauged supergravity with a 
certain duality group G into a gauged supergravity is parametrized by the embedding tensor that 
is formally a tensor under G and which is the analogue of the tensor f M nk above. Even though 
the G-invariance is ultimately broken for any choice of (non-vanishing) embedding tensor, all 
couplings induced by the gauging can be written in a G-covariant fashion. In particular, the 
scalar potential takes a form that is precisely analogous to the terms in the second line of (I1.14p . 
In gauged supergravity, however, the exact form of these couplings can only be determined by 
supersymmetry. It is remarkable, therefore, that in the construction to be discussed in this 



4 



paper, the couplings (|1.14p are uniquely determined by the bosonic symmetries (|1.13p (apart 
from the last term which is constant and thus separately gauge invariant). 

The original construction of double field theory is closely related to a frame-like geometrical 
formalism developed by Siegel in important independent work [18U19]. The precise relation to 
the formulation in terms of a generalized metric is by now well-understood both at the level 
of the symmetry transformations |4J and the action [6]. Siegel's formalism as presented in |18j 
is already adapted to include the abelian subsector of the heterotic theory. Using the recent 
results of [6] , it is straightforward to verify the equivalence of this formalism with the generalized 
metric formulation in the abelian limit, which we do in sec. 5. Moreover, the formulation of |18j 
also allows for supersymmetric extensions. We therefore expect a super symmetric version of 
the formulation discussed here to be possible. This we will leave, however, for future work, and 
we stress that whenever we refer in this paper to the heterotic string we mean, more precisely, 
the bosonic sector of the low-energy action. Finally, in the conclusions to the proceedings of 
Strings '93 [20], Siegel also mentions the extension to the non-abelian case, with a deformation 
of the gauge variations as in (j!.13[) and a corresponding adaptation of the frame formalism, 
which we will discuss in detail in sec. 5. 



2 Double field theory with abelian gauge fields 

In this section we introduce the double field theory formulation for the abelian subsector of 
the low-energy theory of the heterotic string. We first define the enlarged generalized metric 
and then show that the action (jl.3p and the gauge transformations (jl.4p reduce to the required 
form when the dependence on the new coordinates is dropped. 



2.1 Conventions and generalized metric 

The coordinates are grouped according to 

X M = {x h x\y a ) , 
which transforms as a fundamental 0(D,D + n) vector, 

X' M = h M N X N , h G 0(D,D + n). 
Here, 0(D, D + n) is the group leaving the metric of signature (D, D + n) invariant, 



M N 



h M P h N QV P Q 



where 





(rf j 








(o 


1 





Vmn = 


r]i j 


Vij 


ma 


I" 


1 












Vaj 


Va/3) 









K 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



Here, we introduced n to denote the matrix corresponding to the Cartan-Killing metric of the 
gauge group. In the present abelian case, this is simply given by the unit matrix, K a p = 8 a p, 
but we kept the notation more general for the later extension to the non-abelian case. 
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According to these index conventions, the derivatives and gauge parameters are 

d M = {d\d h d a ) , e 1 = (^,r,A°), 



(2.5) 



which combines the gauge parameters of diffeomorphism, Kalb-Ramond and abelian gauge 
transformations into an 0(D, D + n) vector. The strong constraint (|1.6p reads explicitly 



d M d M A 



d M Ad M B 



2d l diA + d a d a A = , 

<9M diB + diA d i B + d a A d a B 







(2.6) 
(2.7) 



for arbitrary fields and gauge parameters A and B. As for the bosonic theory, this constraint is 
a stronger version of the level-matching condition and it implies that locally there is always an 
0(D,D + n) transformation that rotates into a frame in which the fields depend only on the 
x l . We discuss this in more detail in sec. 4. 

Next, we introduce the extended form of the generalized metric % MN and require that it 
transforms covariantly under 0(D, D + n) , 



H 



IMN 



(x') = h M P h N Q n PQ (x) , d'(x') = d(x) 



(2. 



In analogy to the structure encountered in dimensionally reduced theories |21| . we make the 
ansatz 



T-Lmn 



W 



( 



yHa Haj Ha/3; 
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'■J 



-g ik c k j 



g ik A k p 



-g° k Cki gij + c ki g kl cij + APA h c ki g kl A w + A i[: 
\-g ik A ka c kj g kl A la + A ja K a p + A ka g kl A l/3/ 



(2.9) 



where gauge group indices a, f3, . . . are raised and lowered with K a /3, and 



Cj j — hi j -\- ^ A i Aj a . 

The generalized metric defined like this is still symmetric, T~Lmn 
with r] MN , we obtain 



(2.10) 

Unm- Raising all indices 



n 



MN 



( 'Hij 'H.i? T~Li^ 

ii: , if w 
\H a j n aj n aP t 



( gij + c ki g kl cij + A^Aj-y //'• ■ 



-g ik c kj 



\ c kj g kl A l a + Aj a 



^ c kl g kl Af + A? 
g ij -g ik A k P 
gJ k A k a K a ? + A k a g kl A^ 



(2.H) 

This is the inverse of (12. 9h . and so the generalized metric satisfies the constraint % mk 1~Lkn = 
This implies that, viewed as a matrix, it is an element of 0(D, D + n) in that it satisfies 



5 m n 



7]T-Lrj . 



(2.12) 



The 0(D, D + n) action (j2.8|) defines the generalized Buscher rules for the abelian subsector of 
heterotic string theory. 
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2.2 Gauge symmetries 



We turn now to the gauge transformations of the component fields that follow from the extended 
form of the generalized metric (|2.1ip and the generalized Lie derivatives (jl.4p with respect to the 
extended parameter (|2.5h . Specifically, we verify that for d l = d a = the gauge transformations 
of the component fields take the required form. 

For the gauge variation of H 13 we find 

S $ H ij = 5^g ij = i k d k U ij -d P en P j - d p 5? W P (2.13) 
= i k d k g^ - d k C g kj - d k C j g lk = Ctfi , 

i.e., the metric gij transforms as expected with the Lie derivative under diffeomorphisms 
parametrized by £ l and is inert under the other gauge symmetries. For the component 
we infer 

= 5^{-g lk A k P) = Z k d k U ip -d P en P p -d p ^U l P (2.14) 

= i k d k n ip - d k C U kfi - d k f u ik 

= i k d k ( - g u A/) - d k e ( - g kl Af) - d k A^g ik 

= £s{-g ik A k P)-g ik d k AP . 

Together with the form of S^g^ determined above, this implies for the gauge vectors 

<%V = C^ + dkA^ , (2.15) 

which represents the expected diffeomorphism and abelian gauge transformation. Finally, for 
the component Wj we derive 

SeW, = <%( - g ik c kj ) = ed k Wj - d p e n Pj + (d^ p - d P tj)W P (2.16) 

= eo k w 3 - d k e n k 3 + d o e n\ + d,i k w k + dji? Wp - d k ij u ik 

= C^j + [dji k - d k ij)% ik + djf W p 

= £ e ( - g ik c kj ) + [dji k - d k £j)g ik + djA 13 ( - tf k A kp ) . 

Using again the known form of the gauge transformation 5^g lJ , this implies for the tensor defined 
in ([2~10]) 

S^dj = C^dj + (diij - djii) + Aipdjh? . (2.17) 

In order to derive the gauge transformation of bij, we project this onto the symmetric and 
antisymmetric part, 

<%c ( y) = 6^A ip A/) = C^AipAj?) + ^(AipdjA? + AjpdiA?) , (2.18) 
<% C[ii] = S&j = C(bij + (dij -djii) + ±(A i pd j A f3 -A j pd i AP). (2.19) 

The first equation is consistent with the gauge transformation of the gauge field as obtained 
above, while the second equation yields the gauge transformation of bij. 
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To summarize, the gauge transformations in the limit d l = d a = read 

Sgij = C^gij , (2.20) 
8Ai a = C^A t a + diA a , (2.21) 
Sbij = C^b ij + {d i i j -d j i i ) + ^{A ia d j A a -A ja d i A a ). (2.22) 

For metric and gauge vector, these give the expected result, but for bij a parameter redefinition 
is required in order to obtain (jl.lip . If we redefine the one- form parameter according to 

f< == £i - \A* a A a , (2.23) 

the gauge variation of by becomes 

5hj = Sfcg - djU + ~i% a A Q , (2.24) 

with the abelian field strength Fij a , in accordance with (jl.lip . 

We close this section with a brief discussion of the closure of the gauge transformations. 
Using the form (jl.4p . one may verify that their commutator is given by 

= -%,6] c > (2-25) 

where 

[£i,6]c = t?0»& -l&0"bp -N2). (2.26) 

This has been proved in [3] in the original double field theory based on the generalized metric 
(jl.2l) . but since this derivation requires only the general form of the gauge transformations 
(jl.4p and the constraints (jl.6p . this result immediately generalizes to the present case. In the 
original case, this bracket ('C-bracket') reduces to the Courant bracket of generalized geometry 
for d = [2| l22If2"4"] . Let us see how this generalizes after adding the n additional components 
for £ M . Setting now also d a = 0, we obtain for the various components of (|2.26p 

(M2] c r = = [Zi&Y, (2-27) 

which is unmodified and given by the usual Lie bracket, 

(2.28) 

which receives a new contribution involving A, and finally 

(M2] c ) a = 4dA2 a -4djM a , (2.29) 

which is the (antisymmetrized) Lie derivative of A. The Courant bracket is defined as a structure 
on the direct sum of tangent and cotangent bundle over the space-time base manifold M, 
(T©T*)M, whose sections are formal sums £ + £ of vectors and one-forms. Thus, for the given 
generalization it is natural to consider a bundle that is further extended to T © T* © V, where 
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we identify the sections of V with the A a . The sections of the total bundle are then written as 
£ + £ + A, and in this language, the results (|2.27|) . (|2.28p and (12.29P can be summarized by 

[£i +ix + Ai , £ 2 + £2 + A 2 ] = [£i,£ 2 ] 

+ £ 6 £ 2 - £ 6 £ x - ^(%£ 2 - % 2 £i) - i((A x ,dA 2 ) - (A 2 ,dA 1 )) (2.30) 
+ £ 5l A 2 -£ 6 Ai , 

where (A l5 A 2 ) = K^A^Af denotes the inner product, and i is the canonical product between 
vectors and one-forms. Here, the term on the right-hand side in the first line represents the 
vector part, the terms in the second line represent the one- form part, and finally the terms in 
the last line represent the ^-valued part. For A = this reduces to the Courant bracket. 

The bracket (|2.30p implies in particular that the abelian gauge transformations parametrized 
by A Q close into the gauge transformations of the 2-form. This can also be confirmed directly 
from (I2T2T1) and (I2T22D . 

[<5 Al ,<5 A2 ]^ = Sfa, ii = ^ (AiaAA 2 a — A 2a <9jAi a ) . (2.31) 

We stress, however, that this result depends on a choice of basis for the gauge parameters. In 
fact, after the parameter redefinition (12.23p . the 2-form varies into the gauge invariant field 
strength according to (|2,24p and thus the commutator trivializes. 

2.3 The action 

Let us now turn to the action (I1.3P applied to the extended form (I2.11j) of the generalized 
metric. We show that for d l = d a = it reduces to the (abelian) low-energy action (|1 .7j) of the 
heterotic string. 

The relevant terms in the action, setting d l = d a = 0, are given by 

S = I dxe- 2d ( \wd(h KL djU K L - \u Mi diU Kj djUMK 

J V 8 2 (2.32) 

- IdiddjW + m ij diddjd \ . 

The last two terms are unchanged as compared to the original case without gauge vectors since 
the component H 13 = g lJ is unmodified. Thus, we only need to examine the first two terms. 
The first term reads 

±-H ij diH KL djHKL = \diU kl Shiu + \diU k l d i 'H k l + \d{K al PH* + \diU^ &U<# 

= \di9 lp d l {g lp + c kp g^c gl + A t a A pa ) + (</% fc ) & (</*%,) (2.33) 
-k^V) Pfog^Aka + A la ) + ^(Vtf" V) d l {A ka g k(l A q p) . 

I o 

After some work, this can be simplified to 

~ W diU KL OjHkl = \g i] d ig kl d m - \g ij g kl diA ka djAf - \& ijk H^ k , (2.34) 
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where H ijk = dib jk - diAy a A k]a . 

Next we consider the second term in (12,32j) . which yields 

- X -U M %U K i djHMK = - \n mi {m ki djHmk + diW d 3 Hj + diH aj dj-Hma) 

~Hj(diH kj dj-H m k + d{H k i d 3 u mk + diH aj d,n m a ) 

~H^[diH kj dj-Hpk + d^k 3 dj-Hp k + d t U aj djHpa) ■ (2.35) 

To simplify the evaluation of these terms, it is convenient to work out the following structures 
separately, 

- l -U Mi diU Kl djUMK^y = -\g ij d ]9 kl d igik , (2.36) 

~H Mi diH Kj diH MK \ mi = 0, (2.37) 

-\n M %U K3 ' djUuK I m0 = ^g^diAf djA ka - ~H ijk H jki • (2.38) 
Combining these three structures, we obtain 

-ln m m Kj djTiMK = -l^djgMdwu + ^^diAfdjA^-^^^ (2.39) 
Finally, using (12.34j) and (I2.39p . the reduced action (I2.32P can be written as 



(2.40) 

12 4 l3a ) ' 

Up to boundary terms, the terms in the first line are equivalent to the Einstein-Hilbert term 
coupled to the dilaton, compare eq. (3.18) in [3]. Thus, the reduced action coincides precisely 
with (fTT7|) . 

3 Non-abelian generalization 

In this section we generalize the previous results to non-abelian gauge groups. This will be 
achieved by introducing a 'duality-covariant' form of the structure constants of the gauge group. 
While this object is not an invariant tensor under 0(D,D + n) and so the T-duality group is 
no longer a proper symmetry, remarkably the action and gauge transformations can still be 
written in an 0(D, D + n) invariant fashion. 

3.1 Duality-covariant structure constants 

We encode the structure constant in an object f M nk that formally can be regarded as a tensor 
under 0(D, D + n), even though it is ultimately fixed to be constant and thus not to transform 
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according to its index structure. To be specific, let us fix an n-dimensional semi-simple Lie 
group G whose Lie algebra has the structure constants f a /3-y- Then we can define 

fM f f a fh if (M,N,K) = (a,P,j) 

1 NK \ else ' { ' ' 

This is not an invariant tensor under 0(D,D + n), rather it will break this symmetry to 
0(D,D) x G. The advantage of this formulation is, however, that the explicit form of the 
prototypical example (|3.ip is not required for the general analysis: it is sufficient to impose 
duality-covariant constraints, which in general may have different solutions. 

Let us now turn to the constraints. First, we require that rj MN is an invariant tensor under 
the adjoint action with f M NK, 

f (M PKV N)K = 0. (3.2) 

This is satisfied for (|3.1|) with r] MN defined by (|2.4p . and we recall that the component r] a s 
is identified with the invariant Cartan-Killing form of G. Together with the antisymmetry of 
f M NK in its lower indices, the constraint (|3.2p implies that / with all indices raised or lowered 
with T] is totally antisymmetric, 

JMNK = J[MNK] , J = J ■ (3.3J 

Next, we require that f M nk satisfies the Jacobi identity 

f M N[Kf N LP] = 0, (3.4) 

which is satisfied for (|3.ip by virtue of the Jacobi identity for / a /3 7 . 

Apart from these algebraic constraints, we have to impose one new condition in addition to 
the strong constraint (jl.6j) : we require the differential constraint 

f M NK d M = 0, (3.5) 



when acting on fields or parameters. By (13. 3p this implies that all derivatives act trivially that 
are contracted with any index of / nk- For the choice f)3. 1 j) this implies d a = 0, as we will 
prove below. 

To summarize, we impose the 0(D, D + n) covariant constraints (13. 2h . (13. 4p and (13. 5p . Any 
f M NK satisfying these conditions will lead to a consistent, that is, gauge invariant deformation 
of the abelian theory discussed above. A particular solution of these constraints is given by 
(|3.ip with d a = where, as we shall see below, the theory reduces to the non-abelian low-energy 
action of the heterotic string. We stress, however, that any solution obtained from this one by 
an 0(D, D + n) transformation also satisfies the constraints. We will return to this point in 
sec. 4. 

We close this section by introducing the modified or deformed gauge transformations. Each 
0(D, D + n) index will give rise to an adjoint rotation with the structure constants f M nk- Li 
(|1 . 13[) we displayed this transformation for a tensor with an upper index, 

5^V M = C^V M - i N f M NK V K , (3.6) 
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and the transformation for a tensor with a lower index is given by 

8{V M = C^V M +i K f N KMV N . (3.7) 

This extends in a straightforward way to tensors with an arbitrary number of upper and lower 
indices, such that the generalized metric transforms as 

5j{H MN = ^ H MN - 2 ef (M PKU N)K . (3.8) 

By virtue of the constraints (|3.2p . the 0(D,D + n) invariant metric r\ is invariant under these 
transformations, 5^t] AIN = 0, which is a generalization of the analogous property in the abelian 
case. Moreover, the constraint (|3.5p has two immediate consequences for these deformed gauge 
transformations. First, the partial derivative of a scalar transforms covariantly, 

5^d M S) = £t(d M S) = C i (d M S)+( L f K LM d K S . (3.9) 

Second, any gauge transformation with a parameter that is a gradient acts trivially, 

i.e., as for the abelian case there is a 'gauge symmetry for gauge symmetries'. 



3.2 The non-abelian gauge transformations 

Let us now verify that the deformed gauge transformations (j3.8j) indeed lead to the required 
non-abelian gauge transformations if we choose (13. It) and set d l = d a = 0. The Yang-Mills 
gauge field transforms a£] 

5 A Ai a = diA a + PfrAftf . (3.11) 

The 6-field transforms according to (jl.lip and thus its transformation rule is not modified as 
compared to the abelian case. 

We apply (|3.8p to particular components of 1-L MN , where we focus on the new terms propor- 
tional to f M NK-, which we denote by 5'. The variation of H 1 ^ does not receive any modification 
since by (|3.ip the /-dependent term in (|3.8p is zero for external indices Thus, the metric 
gij is still inert under A transformations, as expected. For components with external index a, 
however, we find, e.g., 

S'^n ia = -g lk 5A k a = -hPFftU*! => 5' A A k a = f^A 7 , (3.12) 

which amounts to the required transformation rule ()3.11|) . Next, from = —g tk Ckj we infer 
that 5cij does not get corrected. In (12. 10f> the symmetric combination quadratic in A is invariant 
under the non-abelian part of (|3.1ip . as one may easily confirm, and therefore we conclude that 
also 5bij does not get modified as compared to the abelian case, in agreement with (jl.llj) . Thus, 
(|3.8p yields precisely the required gauge transformations. 

1 ln order to simplify the notation, we assume from now on that the gauge coupling constant go has been 
absorbed into the structure constants f a p-,, such that it does not appear explicitly in the formulas below. 
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In the remainder of this subsection, we discuss the closure of the deformed gauge transfor- 
mations. It is sufficient (and simplifies the analysis) to compute the closure on a vector V AI 
whose gauge variation is given in (|3.6p . The commutator of two such gauge transformations is 
then given by 

= 6s 1 ($d N V M + (d M & N -d N &)V N -$f M KN V N )-(l^2) 

= [4,4] V M (3.13) 

-gd N (& f M KP V P ) ~ {d M & N ~ d N ^)tffN KpV P 

-tff M KN(t[d P V N + (d N £ 1P - d P tf)V p - Cff N P Q V Q ) - (1 o 2) . 



Using the constraints (|3.5p and f|3.4[) it is now relatively straightforward to check that this can 
be rewritten as 

[%,%]F M = 4 2 F M - &f M NK V K , (3.14) 

where 

m = gi^g - \i2 N d M ^ - (i o 2) - f" NK g& . (3.i5) 

Thus, we have verified the closure of the gauge algebra and thereby arrived at a generalization 
of the C-bracket that is deformed by the structure constants f M nk, 

[X,Y]f = [X,Y]% - f M NK X N Y K . (3.16) 

The C-bracket does not satisfy the Jacobi identities, but the resulting non-trivial Jacobiator 
gives rise to a trivial gauge transformation that leaves the fields invariant. The deformed bracket 
(|3.16p has a similar property, which we investigate now. First, we evaluate the Jacobiator, 

J f (X,Y,Z) = [[X,Y] f ,Z] f +[[Y,Z] f ,X] f +[[Z,X] f ,Y] f . (3.17) 

We compute from (|3,16p 

[[X,Y] p Z} A f I = [[X,Y] C ,Z]% + f M NKf N P Q X p YQz K 

+ f M NK (Z p d P (X N Y K ) - (X p d P Y N - Y p d P X N )Z K ) (3.18) 

+ \f N KL{X K Y L d M Z N - Z N d M {X K Y L )) , 

where we used the constraint (|3.5|) . Using the Jacobi identity (|3.4|) we obtain after a brief 
computation 

J f (X,Y,Z) M = J C (X,YZ) M -±d M {f NKL X N Y K Z L ) . (3.19) 

Here, Jq is the Jacobiator of the C-bracket, which has been proved in [2] to be a gradient. 
Thus, we infer from (|3.19p 

J f (X, Y, Z) M = d M (xc(X, Y, Z) - l -f NKL X N Y K Z L ) , (3.20) 

where xc is given in eq. (8.29) of [2]. We have seen in (|3.10p that a gauge parameter that 
takes the form of a pure gradient gives rise to a trivial gauge transformation on the fields. 
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Thus, in precise analogy to [2], the non- vanishing Jacobiator is consistent with the fact that 
the infinitesimal gauge transformations 5^ automatically satisfy the Jacobi identity. 

We finally note that, in analogy to the discussion at the end of sec. 2.2, the modified form 
of the gauge algebra is consistent with the closure property 

[tfAi^AaK- = {Sz + S A )bi jt A a = /Vy A i A 2, (3.21) 

where £j is given by (12.31H . In the mathematical terminology of sec. 2.2, the closure property 
(|3.15p or (I3.2ip amounts to a further generalization of the Courant bracket, involving the 
structure of a non-abelian Lie algebra, in that the term [Ai, A2] has to be added in the last line 

of flZ3Dp . 



3.3 The non-abelian action 



tM, 



Next, we construct a deformation of the double field theory action parametrized by the f nk 
in such a way that it is gauge invariant under (j3.8j) and leads to the required low-energy action. 
For this we will start from the action written in Einstein-Hilbert like form [3], 

S = j dxdxe- 2d K(H,d) , (3.22) 

where H(H,d) is given by 

n = 4u MN d M d N d-d M d N u MN 

- 4H MN d M dd N d + 4d M H MN d N d (3.23) 

+ 1 n MN d M n KL OnUkl - \u MN d M u KL d K n NL . 

It is defined such that it is a scalar under generalized Lie derivatives, 

S(H = i P d P U, (3.24) 

which, together with the gauge variation (jl.4p of the dilaton, implies gauge invariance of the 
action. Here we modify the form of TZ such that (I3.24h be preserved under the deformed gauge 
transformations (13.81). 



The result for the deformed scalar curvature is given by 
% = Tl-\f M NK U NP U K ^d P U QM 

(3.25) 

* f M f N nj njKLnjPQ * f M f N njKL 1 f MNK f 
~ KPJ LQTiMNTi ft ^ — -J NKJ MLTt ~ -J JMNK , 

and reduces for the abelian case / = to the previous expression. Remarkably, the structure 
in the second line is precisely analogous to the scalar potential appearing for Kaluza-Klein 
reduction on group manifolds [25] and, for instance, in N = 4 gauged supergravity in D = 4 
|26jl^l We next verify that this action evaluated for (|3.ip and d l = d a = gives rise to the 
required non-abelian form of the low-energy action of the heterotic string. 



2 In fact, the scalar potential in JV — 4 gauged supergravity for so-called electric gaugings is, up to an overall 
prefactor, precisely given by the second line of p. 251) . see eq. (2.2) in [27] . 
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The non-abelian field strength with structure constants j a ^ is given by 

Fij a = diA* - djA* + /«„ 7 W , (3.26) 

while the field strength of the 6-field is modified by the Chern-Simons 3-form and thus reads 
explicitly 

Hijh = 3 (d {j b jk] - n^Af(djA k f + ±/%VV)) . (3.27) 

We recall that here we do not indicate the gauge coupling constant explicitly, but rather absorb 
it into the structures constants. Using (|3.26p and (|3.27[) . the /-dependent non-abelian couplings 
in the low-energy Lagrangian in (jl.7p are found to be 

C f = -f aM g ik diA^A^Af -- A f a M f a5t g ik J 1 AfApA k s Af (3.28) 
+ J/«/37 9 lk 9 jl 9 pq dib jp A k a Af Aq 1 - \f aM g ik cf l g™ A i5 d 3 A p 5 A k a A q 



-^fafrfseC 9 ik 9 3i 9 pq A" A/ Ap 1 A k s Af A q ^ , 

where the first line originates from the Yang-Mills terms and the second and third line from 
the non-abelian parts of the Chern-Simons 3-form. 

To evaluate the new terms in (|3.25j) , we define 

K f = K- ifti - ^K 2 - ±K 3 - \f MNK f M NK , (3.29) 

where the TZi are the respective terms in (|3.25j) (in the order given there). Setting d l = d a = 0, 
the first term yields 

Ki = f M NK-H NP u KQ d P u QM = f a ^n^ i [w j d l n :ia + w j d i w a + w s d l n 5 a ] 

= f a h (-g ik A k P) [{-^AC) diiptf g m A ga + A ja ) + (c pj g™ V + A?) d i {-g> l A la ) 
+(^5 + Af gi l Au) di(A p 5 9 ™ A qa )] . (3.30) 

Similar to the computation for the abelian case, one can simplify the above terms separately 
for those involving (dg) and those not having derivatives of the metric. The result is 

^' 1 l(i9g) 1 = f A k ^)(—dig p<1 ) g-^ Af* Aq a (c p j -\- Cj p — Aj$A p ) + A p ^ Aq a — A p ^ A qa 

= , (3.31) 

where the last equality follows from the definition of in (|2.10p . and 

ftl | {9g) o = Va/s-y 9 ik 9 jl d^A/AP - f aM g lk / g™ d^p A% A\ A\ 

+faM 9 ik 9 jl 9 pq A iS djAp 5 A k a A? Aq 1 . (3.32) 

Thus 7?.i yields the first, third, and fourth terms in (|3,28p if we choose the coefficients as in 
(|3.29p . The other terms in (|3.28p do not contain any derivatives and hence they should be 
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obtained from IZ2 and IZ3. The computation for IZ2 and TZ^ is rather direct: 

n 2 = f M Kpf N L Q n M Nn KL n PQ (3.33) 

= f*fh fsec (S aS + Ai a g lk A k 5 ) (^ + A/ / Af) (<P« + V 9 m A C ) 
= fafh f aM + 3/ Q /3 7 f#s 9 lk AC A k s + 3f a ^ f a se <f V V V V A e 
+/a^/5< 5 ifc ^ 7 <? p<? AfAfAfA^AfAf , 

and 

^3 = f M N K f N M L U KL (3.34) 

where we have repeatedly used the total antisymmetry of f a p 1 - The coefficient of 7^2 in (|3.29|) 
has been chosen such that it matches the coefficient of the terms f 2 A 6 . Moreover, in order 
to eliminate the term f 2 A 2 , which is not present in Yang-Mills theory, the coefficient of IZ3 is 
fixed to be —5. Finally, in order to cancel the constant terms f a p^ f a ^ in IZ2 and IZ3, the last 
term in (|3.29[) is required. In total, we have verified that (|3.25[) induces precisely the correct 
non-abelian terms. 

3.4 Proof of gauge invariance 

We turn now to the proof that the deformed action defined by (|3.25p is invariant under the 
deformed gauge transformations ()3.8p . The unmodified 1Z transforms as a scalar under the 
unmodified gauge transformations. We have to prove that its variation under the modified part 
of the gauge transformation, which is proportional to /, cancels against the variation of the 
new terms involving /. 

Since all 0(D, D + n) indices are properly contracted it is sufficient to focus on the subset 
of variations that are non-covariant and which we will denote by Ag. Specifically, in 1Z the 
new non-covariant contributions originate from partial derivatives only. For instance, for the 
following structure the /-dependent terms in the gauge variation, denoted by 5'^, read 

^ (d M U KL ) = H P f Q PMd Q U KL - 2C P f^ K P Q d M n L ^ - 2d M f f {K pqU^ , (3.35) 

where the first term has been added by hand, which is allowed since it is zero by the constraint 
(|3.5p . The first two terms represent the covariant contributions, while the last term is non- 
covariant. We thus find 

A ( (d M H KL ) = -2d M ff {K p Q n L ^ . (3.36) 

Since we saw that rj MN can be viewed as an invariant tensor under the modified gauge trans- 
formations (|3.8[) . we can derive from this result, by lowering indices with 77, the following form 

At(d M H KL ) = 2d M e f Q P^DQ ■ (3-37) 
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Moreover, from (|3.9[) we infer 

A^(d M d) = . (3.38) 

Using this and (|3,36p . it is straightforward to see that all dilaton-dependent terms in (|3.23p are 
separately invariant under the deformed part of the gauge transformations. For instance 

A^d M U MN d N d) = -%d M e f {M p Q U N)Q d N d = (3.39) 

easily follows with ()3.5|) . All other d-dependent terms can also be seen to be gauge invariant 
by virtue of (|3.5p . Similarly, the term involving a second derivative of T~L is gauge invariant, 



5's{d M d N H MN ) = -2d M (ef {M PQd N U N ^ + d N ef {M P Q n N ^) = 0, (3.40) 

where f|3.35j) has been used. Thus, we have to focus only on the terms in the last line of (|3.23[) . 
whose variation with a little work can be brought to the form 

a^tz = -\d N i L j M LK u NP n QK d P UMQ-d M i L f L NK n NP n KQ d P u QM - (3.4i) 

These terms have to be cancelled by the variations of the new terms in IZj. 

There are various contributions to the gauge transformations of the /-dependent terms in 
(|3.25p . First, the partial derivative of T~L in the first line transforms non-covariantly already 
under the unmodified part of the gauge transformations, but it can be easily checked, using 
eq. (4.36) from jjj, that this contribution is zero by (|3.5p . Next, we have to keep in mind 
that f M NP is constant and thus does not transform with a generalized Lie derivative with 
respect to £ M . The resulting non-covariant terms can be accounted for by assigning a fictitious 
non-covariant variation to / (with the opposite sign), 

^f M NK = —£-£f M NK = —d M ip f P NK — 9n^ P f M PK ~ <9x£ P f M NP , (3.42) 

where the constancy of / and (|3.5p has been used in the final step. Using this, the variation of 
the /-dependent term in the first line of (|3.25p can be seen to precisely cancel (|3.41|) . which in 
turn fixes the coefficient of this term in IZf uniquely. 

Next, using (|3.37p . the term in the first line of (|3.25p gives a variation proportional to / 2 , 

- l -A^f M NK n NP n K ^d P n QM ) = - l -f M NKf L RQ dpen M LU NP u KQ 

(3.43) 

1 f M f K q cRnjNP 
- 2* NKJ RMOpt, H 

Thus, we get two contributions: one cubic in % and one linear in %. The cubic term is cancelled 
by the variation of the first term in the second line of (|3.25p according to (|3.42p , which in turn 
fixes the coefficient of this term. The term linear in T~L is cancelled by the variation (I3.42h of the 
second term in the second line of (|3.25p . which finally fixes the coefficient of this term. The last 
term in (|3.25p is constant and thus trivially gauge invariant. In total, we have proved that the 
modified scalar curvature IZf transforms as in (|3.24p . i.e., as a scalar, under the deformed gauge 
transformations (|3.8j) . and thus that the Einstein-Hilbert like action (|3.22p is gauge invariant. 
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4 The covariant constraints and their solutions 



In this section we discuss the 0(D, D + n) covariant differential constraints (jl.6p and (|1.12p and 
their solutions. Before that, we explain the relation of (|l,6p to the level-matching condition in 
string theory. 



4.1 Relation to level-matching condition 

In the abelian case, for which (|1.12p trivializes, the remaining constraint (II. 6h has a rather 
direct relation to the level-matching condition of closed string theory. In the original double 
field theory construction for the bosonic string, the level-matching requires for the massless 
sector p] 

L -L = -nut = 0, (4.1) 

where pi and w l are the momenta and winding modes on the torus, respectively. Upon Fourier 
transformation, this implies that in string field theory all fields and parameters need to be 
annihilated by the differential operator d l di. Here, we require the stronger form that also 
all products of fields and parameters are annihilated. Similarly, the extended form ()2.6[) and 
(|2.7p of the constraint is the stronger version of the level-matching condition in heterotic string 
theory, which will be discussed next. 

We start by recalling the (bosonic part of) the world-sheet action for heterotic string theory, 
which is given by |28| 



S = — I drtl'T 
2tt 



Gijd a X l d a Xi +e ab B ij d a X i d b Xi +d a X a d a X a + e ab A ia d a X*d b X a . (4.2) 



Here, X 1 ~ X 1 + 2irk l , k % 6 Z, denotes the periodic coordinates of the torus, and we have 
not displayed the non-compact coordinates. The X a are 16 internal left-moving coordinates, 
i.e., satisfying the constraint (d T — d a )X a = 0. In this subsection, the indices a, b label the 
world-sheet coordinates r, a, and G, B and A are the backgrounds. We split the world-sheet 
scalars into left- and right-moving parts, X % = X l L + X l R , whose zero- modes are 

Xi(r + a) = i^ + ipKr + cr) , 

XUr-a) = \xl + \tf R ( T -a), (4.3) 

X a (r + a) = x%+pl(T + a) . 

Following the canonical quantization of [28] (see also the discussion around eqs. (11.6.17) in [29J), 
the left- and right-moving momenta can in turn be written as 

ph = & + ( G « - B a) wj ~ \ A ™ (<i a + h A j awi ) > 

PRi = \vi - {Gij + Bij) w j - \A ia {q a + ^Afvt) , (4.4) 
p a L = q a + A l a w i , 

where the momentum and winding quantum numbers pi and w l , respectively, are integers as a 
consequence of the periodicity of the X 1 , while the q a take values in the root lattice of Eg x E$ 
or SO(32). 
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Let us now turn to the level-matching condition, where for definiteness we work in the Green- 
Schwarz formalism. We truncate to the massless subsector of the heterotic string spectrum with 
16 abelian gauge fields, i.e., taking values in the Cartan subalgebra. In other words, we restrict 
to the massless spectrum with N = and N = 1 and thereby truncate out the 480 remaining 
gauge fields, which appear for N = and N = 0, were iV and N are the number operators. 
The level-matching condition for this subsector is given by 

L - Z + a L - a R = L - L + 1 = (pfc) 2 - (pi) 2 - (p a L ) 2 = , (4.5) 

where the normal ordering constants are at = 1 and aR = 0. Inserting (14. 4p into fj4.5f) . we 
obtain 

2p i w i + q a q a = 0. (4.6) 

If we interpret the q a , like pi and w l , as the Fourier numbers corresponding to a torus, this 
condition translates in coordinate space precisely into the differential constraint (|2.6p . More 
precisely, the q a are vectors in the root lattice of Eg x Eg or SO(32) rather than T 16 , but these 
are topologically equivalent, and so we conclude that, in precise analogy to the case of bosonic 
string theory originally analyzed in PQ , the level-matching condition amounts to the differential 
constraint (|2.6h (and, correspondingly, (|2.7p represents the stronger form of this constraint). 
We stress that the non-abelian case to be discussed in the next subsection is conceptually very 
different because it requires formally the introduction of 496 extra coordinates together with 
the novel constraint f|1.12j) . which have no direct interpretation in the full string theory. 

4.2 Solutions of the constraints 

Next, we turn to the discussion of the solutions of the strong constraint. As in the bosonic 
string, we will show that all solutions of this constraint are locally related via an 0(D, D + n) 
rotation to solutions for which fields and parameters depend only on the x l . To see this, consider 
the Fourier expansion of all fields and parameters, denoted generically by A, which take the 
form 

A{x,x,y) = Ae i ^ xl+w ^ +qaya \ (4.7) 

where we indicated for simplicity only a single Fourier mode. The quantum numbers combine 
into a vector of 0(D, D + n), 

Pm = {w i , pi, q a ) . (4.8) 
The strong constraint now implies that 

V MN P a M P b N = , (4.9) 

for all o, b (which label the Fourier modes of all fields and parameters). Thus, all momenta are 
null and mutually orthogonal. In other words, they lie in a totally null or isotropic subspace 
of M. 2D+n . The canonical example of such a subspace is given by a space with w l = q a = 0, 
corresponding to a situation where all fields and parameters depend only on the x 1 . Since the 
flat metric on M. 2D+n has signature (D, D + n), the maximal dimension of any isotropic subspace 
is D. It is a rather general result, related to Witt's theorem (see the discussion and references 
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in [3]), that all isotropic subspaces of the same dimension are related by isometries of the full 
space, i.e., here they are related by 0(D,D + n) transformations. In particular, one can always 
find an 0(D, D + n) transformation to a T-duality frame where w l = q a = and therefore one 
can always rotate into a frame where fields and parameters depend only on x l , as we wanted 
to show. 

Next, we discuss the general non-abelian theory. In this case, the global 0(D,D + n) 
symmetry is broken by a choice of non-vanishing structure constants f M nk and, therefore, we 
have no longer all T-duality transformations to our disposal in order to rotate into a frame in 
which the fields depend only on x l . This is, however, compensated by the additional constraint 
()3.5p which eliminates further coordinates for non-vanishing structure constants. 

To illustrate this point, suppose that we choose f M nk as in (|3. 1[) . i.e., the only non- vanishing 
components / a j a 7 are given by the structure constants of a semi-simple Lie group G. We can 
view G as the subgroup of SO(n) that leaves the tensor / a /3 7 invariant Jf| and so the global 
symmetry group is then broken to 0(D,D) x G, where we view G as the global subgroup of the 
gauge group. The constraint (13.51) can now be multiplied with the structure constants, which 
implies 

= Psaf^d? = -2n a pd^ , (4.10) 

where K Q( g is the Cartan-Killing form. As n a p is invertible for a semi-simple Lie algebra, we 
conclude d a = 0, i.e., the constraint implies that all fields are independent of y a . The unbroken 
0(D,D) transformations can then be used as above in order to rotate into a T-duality frame 
in which the fields are independent of x. In total, the constraints are still sufficient in order 
to guarantee that the dependence on the 'unphysical' coordinates x and y is either eliminated 
directly or removable by a surviving T-duality transformation. 

Let us now turn to a more general situation where f M nk is of the form (|3.ip . but with the 
gauge group G having some U(l) factors. Suppose, the gauge group is of the form 

G = U{lf x Go , (4.11) 

where Go is semi-simple and embedded into 0(n — p). If we split the indices accordingly, 
a = (a, a), with a = l,...,p and a = 1, . . . , n — p, the non- vanishing components of f M nk 
are given by the structure constants f a m of Go- The constraint (|3.5p implies in this case only 
d a = 0, i.e., that the fields are independent of the n — p coordinates y a . The unbroken T- 
duality group is, however, given by 0(D,D +p) and thus larger than in the previous example. 
Therefore, as in the above discussion of the abelian case, these transformations can be used in 
order to rotate into a T-duality frame in which the fields are both independent of Xi but also of 
the remaining p coordinates y— . Thus, the constraints and residual T-duality transformations 
are again sufficient in order to remove the dependence on x and y. 

We finally note that by virtue of the 0(D, D + n) covariance of the constraints any f M nk 
obtained from (|3.ip by a duality transformation also solves the constraints. Presumably, these 

3 Any compact n-dimensional Lie group G can be canonically embedded into SO(n). If we denote the gener- 
ators of so(n) by K alS = -K 13 ", the generators t a of G are embedded as t a = \f a ■ 
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have to be regarded as physically equivalent to (|3.ip and thereby to the conventional low- 
energy action of heterotic string theory. It remains to be investigated, however, whether there 
are different solutions to the constraints. This is particularly interesting in the context of 
(generalized) Kaluza-Klein compactifications, where the fields are independent of some of the 
x l and for which the differential constraints may allow for more general solutions. We leave 
this to future work. 



5 Frame formulation 



Here, we reformulate the above results in a frame-like language in order to make contact with the 
formalism developed by Siegel [18], as has been done in [6] for the double field theory extension 
of the bosonic string. We first discuss the abelian case, which is straightforward, and then turn 
to the non-abelian case which requires an extension of the formalism. The non-abelian case was 
already mentioned by Siegel in |20j . Specifically, this reference discusses a modification of the 
coefficients of anholonomy and a corresponding deformation of the C-bracket, and these results 
coincide with our results given in eqs. (|5,lip and (15. 12f> below. 



5.1 Frame fields and coset formulation 

The basic field in the formalism of Siegel is a vielbein or frame field eA M that is a vector 
under gauge transformations parameterized by ^ M and which is subject to local tangent space 
transformations indicated by the flat index A. In the present case, the tangent space group is 
GL(D) x GL{D + n) and the index splits as A = (a, a). Using the frame field and tjmn, one 
can define a tangent-space metric of signature (D, D + n), 

Gab = &a M es N tjmn , (5.1) 
and the frame field is constrained to satisfy 

Gal = • (5-2) 

Starting from this frame field and the local tangent space symmetry, one may introduce con- 
nections for this gauge symmetry, impose covariant constraints and construct invariant general- 
izations of the Ricci tensor and scalar curvature. Rather than repeating this construction here, 
we will just mention in the following the new aspects in the case of the heterotic string theory 
and refer to [18J and [6] for more details. 

The generalized metric can be defined as follows 

% MN = 2 gab e M e _N _ V MN = _ 2 gab Q M £ N + ^MN _ ^ 



where the equivalence of the two definitions is a consequence of the constraint (|5.2p . Next, it 
is convenient to gauge-fix the tangent space symmetry by setting Gab equal to t]mn (up to a 
similarity transformation, c.f. the discussion after eq. (5.22) in [1]), such that (|5.ip and (|5.3p 
imply [2] 

H MN = § AB eA M eB N (54) 
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This leaves a local O(D) x 0(D + n) symmetry unbroken, and in this gauge we can think 
of the frame field ea M as a 0(D,D + n)-valued coset representative that is subject to local 
O(D) x 0(D + n) transformations. Thus, this formulation can be viewed as a generalized coset 
space construction based on 0(D,D + n)/{0{D) x 0{D + n)), in analogy to the structure 
appearing in dimensional reduction of heterotic supergravity [21J. Fixing the local symmetry 
further, one may give explicit parametrizations of the frame field eA M in terms of the physical 
fields that give rise to the form (|2.1ip of % MN according to (|5.4j> . see, e.g., eq. (4.12) in |21| . 

We turn now to the definition of the scalar curvature 1Z that can be used to define an invari- 
ant action as in (|3.22[) . It can be written in terms of 'generalized coefficients of anholonomy' 
^ab that are defined via the C-bracket (]2.26|) . 

[e A ,e B ]c = ^AB C e c M . (5.5) 

Defining^ 

hABC = (eAe B M )e C M , (5.6) 
where ba = £a M 9m, one obtains explicitly 

&-ABC = 1h[ AB ]C + hc[AB] = h-ABC + h B CA + h C AB = 3h{ A BC] ■ (5-7) 

Here we used that the gauge condition implies that Gab is constant and therefore h A sc = 
—Kacb from the definition (|5.6p . Finally, defining 

04 = d M e A M -2e A d, (5.8) 

the scalar curvature is given by 

n = e a n a + ^ a 2 + ^e a e b g ab -^n abs 2 -^n [abc] 2 + ^e a g bc e b g ac . (5.9) 

In [6] it has been verified that starting from this expression for 7Z and using the definition of 
H MN in terms of the frame fields, this reduces precisely to the form given above in (|3.23p . up 
to an overall factor of 4. This proof immediately generalizes to the abelian case of the heterotic 
string, as all expressions, including the definition (|5.3p of 7~L MN , are formally the same. 

5.2 Non-abelian extension 

Let us now turn to the non-abelian generalization, which has also been mentioned in [20]. A 
natural starting point is the deformed bracket (|3.16p of gauge transformations. We further 
generalize the coefficients of anholonomy by defining 

[e A ,e B ]™ = n AB C e c M • (5.10) 

By (|3.16p and (|5.5p this implies 

' 'AB — ' 'AB - J AB , J AB — J NK e M ^A &B , I 5 - 11 ] 

4 We note that we changed notation as compared to [6lll8], where this quantity has been denoted by /, in 
order to distinguish it from the structure constants. 
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where we introduced structure constants with flattened indices. The /-bracket of two vectors 
that transform covariantly under the deformed gauge transformations transforms covariantly 
in the same sense, i.e., 

6 e [X,Y]f = £s[X,Y]y-Z N f M NK [X,Y]J . (5.12) 

To see this, we recall from [6j that the C-bracket is invariant under the generalized Lie derivative. 
Thus, it remains to be shown that the non-covariant part of the variation of the C-bracket due 
to the deformed gauge variation cancels against the variation of the new term in the /-bracket. 
As in the proof of gauge invariance of the action above, we denote the non-covariant part of 
the variation by Ag and compute 

A € [X,y]J f = -ef N PK X K d N Y M + l -ef N PKX K d M Y N (5.13) 

- X N d N (C P f M PK Y K ) + \x N d M {efNP K Y K ) -{X^Y}. 

Using the constraint (|3.5p . it is straightforward to verify that this can be rewritten as 

A ? [X, Y] £ = -d N f M NK [X Y]*- fy M NK)X N Y K . (5.14) 

The second term here is precisely cancelled by the non-covariant variation of the /-dependent 
term in the /-bracket, which finally proves the covariance relation (|5,12p . 

Next, we discuss the extension of the scalar curvature (|5.9p . Given the covariance of the 
/-bracket, it follows from (|5.10p that f2 is a scalar under £ M transformations, while its frame 
transformations are as in the abelian case. Therefore, if we replace in (|5.9p f2 by Q, the resulting 
expression will also be a scalar. In the following we will show that 

K f := e a n a + ^n a 2 + ^e a e b g ab -^l ab , 2 -^n [ab / + ^e a g bc e b g^ (5.15) 

indeed agrees with the definition (|3.25p above. 
Inserting here the definition ([5. lip , we infer 

n f = K - \{ - 21W a&5 + f abS f ab ~ c ) - ^ ( - 2n [abc] f abc + f abc f abc ) . (5.16) 

Next, we rewrite these new contributions in terms of the generalized metric, using the definition 
(|5.3p . which we rewrite here as 

e a M e aN = ±( V MN -n MN ) , (5.17) 

e- a M e* N = l{ ri MN + H MN ) . (5.18) 
The second term in (|5.16p can be written as 

^abcf ahC = -^{h a bc + h b ca + hcab) = ~ (^h a bc + h 5a b) , (5.19) 
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where 

K b -J ab ' c = e a N d N e b M e 5M e aK e bP e E Q f KP Q = -d N {e 5M e s Q )e a N e aK e b M e bP f KP Q 

= - l -d N n MQ ( v NK -n NK )( v MP -n MP )f KP Q (5.20) 

o 

= -\fKP Q H NK H MP d N HM Q . 

o 

The fourth term in (|5.16p is given by 

Q^[abc]f abc = 2 h i abc lf abC = 2 hcab f abC ' ( 5 - 21 ) 

where in the last step the total antisymmetry of /mnk has been used. Then, adding the second 
and fourth term, we obtain 

2^abcf abC + Q^[abc]f abC = Kbcf abC + ^{hcabf abC + h cab f abc ) (5.22) 

= Kbcf abC + ^h C abf abC , 

where 

r f abC _ N o M aKbPC r Q _ f Qx c M „aK bP _ n (r:no\ 

n-CabJ — ec ONe a e b Me e e q Jkp — Jkp OQ&a e e b ue — U . {b.26) 
The third and the fifth term in (|5. 16[) can be evaluated directly. The third term yields 

-\f ab -J ab ~ c = -\e a M e b K e 5 p e aN e bL e^f MKP f NLQ (5.24) 

= ~ (ri MN - H MN ) (n KL - H KL ) ( V p Q + fMKP fNLQ 

1 \ f fMNP njMN f f KP njKLnjPQ f f M 

= --^yjMNPJ - ft JMKPJN — H H ^JMKPJ LQ 

+n MN >H KL H P Q f M KP fNLQ 
while the fifth term reads 

-^fabcf abc = -^e a M e b K e c p e aN e bL e c( l f M KP fNLQ (5.25) 

= ~ (V MN ~n MN ) ( V KL - H KL ) tfV-H**) fMKP fNLQ 

1 r„ f MNP onjMN r f KP , onjKLnjPQ f f M 

J MNP J —in. JMKPJN +OH H ^JMKPJ LQ 
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-H MN H KL H P Q f MK P fNLQ 



Finally, combining all contributions, they agree precisely with the required form in terms of 
H MN , up to the same overall factor of 4 that arises in the abelian case, c.f. [6]. 
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6 Conclusions and Outlook 



In this paper we have extended the double field theory formulation of [4J to the low-energy action 
of the heterotic string, which features extra non-abelian gauge fields. These extra gauge fields 
neatly assemble with the massless fields of closed bosonic string theory into an enlarged gener- 
alized metric that transforms covariantly under the enhanced T-duality group 0(D,D + n) and 
thereby represent a further 'unification'. For the abelian subsector, the action takes the same 
structural form as for the bosonic string, but based on the enlarged generalized metric. In the 
non-abelian case, the T-duality group is broken to a subgroup, but interestingly the action can 
still be written in a covariant fashion, with new couplings which are precisely analogous to those 
encountered in lower-dimensional gauged supergravities. These new couplings are parametrized 
by a tensor f M nk, and any such tensor satisfying a number of covariant constraints defines 
a consistent deformation of the abelian theory. This means that rather than having a proper 
global 0(D,D + n) symmetry, there is an action of this group on the 'space of consistent de- 
formations' of the abelian theory. Whether this space consists of a single 0(D, D + n) orbit or 
whether there are more general solutions to the constraints that are inequivalent to f)3. 1 1) (and 
thereby to the conventional Yang-Mills-type theory) remains to be seen. 

Several aspects of these results deserve further investigations. First, the gauge algebra gives 
rise to a generalization of the Courant bracket when the dependence on the extra coordinates is 
dropped such that the additional gauge structure enters non-trivially. While extensions of the 
Courant bracket have been studied in the literature, especially in the context of 'exceptional 
generalized geometry' (see, e.g., [3Ql[3l]), we are not aware of investigations of the structures 
discussed here, and so it would be interesting to further study their mathematical aspects. 
Moreover, general properties of gauged supergravities feature prominently in the literature on 
'non-geometric compactifications' (see, e.g., [27]) as the most general gauged supergravities 
cannot be obtained by any conventional Kaluza-Klein type reduction from higher-dimensional 
theories, therefore requiring a sufficiently 'non-geometric' novel framework. As the construc- 
tion presented here exhibits several features reminiscent to gauged supergravity prior to any 
dimensional reduction, one might expect that this theory can provide such a framework. We 
hope to return to these issues in the near future. 

Acknowledgments 

We are happy to acknowledge helpful discussions and correspondence with Marco Gualtieri, 
Michael Haack, Chris Hull, Ivo Sachs, Henning Samtleben, Michael Schulz and especially Barton 
Zwiebach. 

This work is supported by the U.S. Department of Energy (DoE) under the cooperative 
research agreement DE-FG02-05ER41360. The work of OH is supported by the DFG - The 
German Science Foundation. The work of SK is supported in part by a Samsung Scholarship. 



25 



References 



[1] C. Hull and B. Zwiebach, "Double Field Theory," JHEP 0909 (2009) 099 [arXivi09044664 
[hep-th]]. 

[2] C. Hull and B. Zwiebach, "The gauge algebra of double field theory and Courant brackets," 
JHEP 0909 (2009) 090 |arXiv: 0908 .17921 [hep-th]]. 

[3] O. Hohm, C. Hull and B. Zwiebach, "Background independent action for double field 
theory," JHEP 1007 (2010) 016 |arXiv:1003.5027l [hep-th]]. 

[4] O. Hohm, C. Hull and B. Zwiebach, "Generalized metric formulation of double field the- 
ory," JHEP 1008 (2010) 008 [a rXiv: 1006.48231 [hep-th]] . 

[5] S. K. Kwak, "Invariances and Equations of Motion in Double Field Theory," JHEP 1010 

(2010) 047 }arXiv:1008.2746l [hep-th]]. 

[6] O. Hohm and S. K. Kwak, "Frame- like Geometry of Double Field Theory," J. Phys. A 44 

(2011) 085404 |arXiv:1011.4T0T1 [hep-th]]. 

[7] D. S. Berman and M. J. Perry, "Generalized Geometry and M theory," arXiv: 1008. 1763 
[hep-th]. 

[8] P. West, "Ell, generalised space-time and IIA string theory," arXiv:1 009.2624 [hep-th]. 

[9] I. Jeon, K. Lee and J. H. Park, "Differential geometry with a projection: Application 
to double field theory," arX iv:1011.1 324 [hep-th], "Double field formulat ion of Yang-Mills 
theory," larXiv:1102.041~9l [hep-th]. 

[10] O. Hohm, "On factorizations in perturbative quantum gravity," arXiv: 1103.0032 [hep-th]. 

[11] O. Hohm, "T-duality versus Gauge Symmetry," arXiv: 110 1.3484 [hep-th]. 

[12] D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, "Heterotic String Theory. 1. The 
Free Heterotic String," Nucl. Phys. B 256 (1985) 253. 

[13] D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, "Heterotic String Theory. 2. The 
Interacting Heterotic String," Nucl. Phys. B 267 (1986) 75. 

[14] M. J. Duff, B. E. W. Nilsson and C. N. Pope, "Kaluza-Klein Approach To The Heterotic 
String," Phys. Lett. B 163 (1985) 343. 

[15] M. J. Duff, B. E. W. Nilsson, N. P. Warner and C. N. Pope, "Kaluza-Klein Approach To 
The Heterotic String. 2," Phys. Lett. B 171 (1986) 170. 

[16] D. Andriot, "Heterotic string from a higher dimensional perspective," arXiv: 1102. 1434 
[hep-th]. 

[17] H. Samtleben, "Lectures on Gauged Supergravity and Flux Compactifications," Class. 
Quant. Grav. 25 (2008) 214002 [arXiv: 0808 .40761 [hep-th]]. 



26 



[18] W. Siegel, "Superspace duality in low-energy superstrings," Phys. Rev. D 48, 2826 (1993) 
[arXiv:hep-th/9305073] . 

[19] W. Siegel, "Two vierbein formalism for string inspired axionic gravity," Phys. Rev. D 47, 
5453 (1993) [arXiv:hep-th/9302036] . 

[20] W. Siegel, "Manifest duality in low-energy superstrings," Published in Strings 1993:0353- 
363, |ar~Xiv:hep-th/9308133[ 

[21] J. Maharana and J. H. Schwarz, "Noncompact symmetries in string theory," Nucl. Phys. 
B 390 (1993) 3 [arXiv:hep-th/9207016] . 

[22] T. Courant, "Dirac Manifolds." Trans. Amer. Math. Soc. 319: 631-661, 1990. 

[23] N. Hitchin, "Generalized Calabi-Yau manifolds," Q. J. Math. 54 (2003), no. 3, 281-308, 



arXiv:math.DG /0209099 , 



[24] M. Gualtieri, "Generalized complex geometry," PhD Thesis (2004). |arXiv:math/0401221| ^l 
[math.DG] 

[25] H. Lu, C. N. Pope and E. Sezgin, "Group Reduction of Heterotic Super gravity," Nucl. 
Phys. B 772 (2007) 205 [arXiv:hep-th/0612293] . 

[26] J. Schon and M. Weidner, "Gauged N = 4 supergravities," JHEP 0605, 034 (2006) 
[arXiv:hep-th/0602024] . 

[27] R. A. Reid-Edwards and B. Spanjaard, "N=4 Gauged Supergravity from Duality-Twist 
Compactifications of String Theory," JHEP 0812 (2008) 052 |arXiv:0810.4699l [hep-th]]. 

[28] K. S. Narain, M. H. Sarmadi and E. Witten, "A Note on Toroidal Compactification of 
Heterotic String Theory," Nucl. Phys. B 279 (1987) 369. 

[29] J. Polchinski, "String theory. Vol. 2: Superstring theory and beyond," Cambridge, UK: 
Univ. Pr. (1998) 531 p 

[30] C. M. Hull, "Generalised geometry for M-theory," JHEP 0707 (2007) 079 
[arXiv:hep-th/0701203] . 

[31] D. Baraglia, "Leibniz algebroids, twistings and exceptional generalized geometry," 
larXiv: 1101 .08561 [math.DG]. 



27 



